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[CONTINUED FROM THE JANUARY NUMBER, PAGE 92. | 
Conversely, if the seven constants A, B, and ¢ are merely so chosen as to sat- 
isfy these three relations and / is then determined by (15), the functions 
&. , ¢ will satisfy (14) and hence x, y, z will satisfy (9). 
By multiplying each of the equations (12) by (15), and placing A,¢ = a;, 
B,c = b,, we have the theorem : 
The equations of any geodesic line may be put into the form 





a 
“= "7 tan ks + b,, 
a 
v= t tan Asx + hg, 
J (16) 
a; 
"= rE tan As + dy, 
f/ = csecks, 
where the constants are connected hy the relations 
ai+at+a,= 14+ (65 + 44+ &) =’,) (17) 
' ‘ 


ay, 4. gh he gb. — (): ) 


and, conversely, any equations of the forin (16) where the constants satisfy (17) 
represent a geodesic line, if they are satisfied hy any points lying in the space 
under consideration. 

It is important to know that to any geodesic line corresponds only one set 
of the above constants, except that all the signs of a,, 2, a; and e may be changed, 
and conversely. For, a geodesic line is completely determined by a point 
(2. Yo, 29) On it and a direction (a, 8,7), where the signs of all three of the 
quantities a, 8, y may be changed without altering the line. Then 9, the value 


of « corresponding to (2, Yo. 20), 18 determined by 


tan ks, = a tan kro + B tan hyo + ¥ tan h2, 


which is obtained by differentiating the last of equations (6) and (16). The 
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value of s is unique within restricted portions of space. The value of ¢ is then 


determined by 
c sec k& = sec kx, sec ky, sec kz, 


and the values of a, dg, d3 are found by differentiating the first three of equa- 
tions (6) and (16). These latter values depend linearly on a, 8, y. Finally 
b,,5,,5 are found from (6) and (16). In this way all the constants are 
uniquely determined. The converse is proved by noticing that if the equations 
(16) are given and if, in conjunction with (6), they determine a line lying in 
the space under consideration, the direction of this geodesic is uniquely deter- 
mined atany one of its points, and therefore the geodesic is unique. No curve at 
all results from the equations, however, unless at least one point (29, Yo, 29) within 
the space considered satisfies the equations. 

The equations of the geodesic line are readily written in terms of any 
point upon it. For, let uo, vo, w) correspond to any such pointand let s, be the 
corresponding value of s. These values determine 4 , 4, bs; and the first three 
of equations (16) become 


u= z (tan Aw — tan ks.) + uo, 
= 9 (tank k 
? =z (me & — tan As) + Ug, > (19) 
Ug " 
w=7 (tan ks — tan ks,) + wo. 





These are of the form 


u“— Up co we Wo 


Cy C% 
Conversely, any equations of the form 


u—to "—ly Ww — UW, 


C; Co C3 


when tty, Uy, y correspond to a point (xo, Yo: 2) Of space, determine a yeodesic 
line. 


For, the equations may be written 


= (Ug > AC) _ U— (% + ACy) _w— (Wy + ACs) 
pe pC : Poy 
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= 
or 


where A and p are undetermined multipliers. If we place 


a, = pC, b, = Uy + AC, 
dy = plo, =v +A, 
dy = pc, bz Wo + ACzg, 


determine A and p by (17) and substitute the values of a, 4 thus obtained in 
(16), we see that the geodesic line thus defined coincides with the given 
locus. 

To obtain the equation of the geodesic surface, consider a pencil of geo- 
desic lines with its vertex at (u,v), W»)). Since the constants c,, c:, cz of the 
last theorem are connected with the coordinates a, 8, y of the direction of 
the geodesic line by linear relations, the pencil has the equations 


u — Up VU — % Ww — Wy 
hel + mel’ Rey + mel” Reh + wey!” 
where cj, c/ etc. are constants. The elimination of and w gives a linear 
equation 
lju+mv+nw-+ p = 0. 


Conversely, let any such linear equation be given, which is satisfied by at 
least one point (to, Uo, Wo) of the space considered. The necessary and _ suf- 
ficient conditions that a geodesic line 

u— Up 0 — Ue w— Wo 
C & C3 
should lie on the corresponding surface are that 
lug + MUp + NU + Pp =O, 
le, + meg + neg = 0. 
The first condition means that the point (%, %, o) lies on the surface. The 
second is satisfied by 
, 7 
oy = del + mel’, cy = Ach + wey, c= ACh + mes 


where cj, cj, c and cj’, cf, cy are any two sets of values which satisfy it, and 


and ware variable parameters. From any point of the surface, therefore, ra- 
diates a pencil of geodesic lines lying wholly on the surface. Moreover, it is 
easy to see that any point of the surface within a restricted region about the 
vertex of the pencil is reached by some line of the pencil. To sum up: 
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Any geodesic surface is represented by a linear equation in u,v, Ww; and, 
conversely, any linear equation in u, v, wv represents a geodesic surface, if it 
represents anything at all in space. . 

Any point of a geodesic surface may he taken as the vertex of a generating 
pencil of geodesic lines. 

The forms of the equations of geodesic lines and surfaces are the same as 
those of straight lines and planes in Euclidean geometry. They have, there- 
fore, in common with straight lines and planes those properties which may 
be deduced from the forms of the equations. — In particular we note the fol- 
lowing : 


THEOREM 8. Any three points not in the same geodesic line and lying in 
a restricted portion of space determine a geodesic surface. 


Tueorem 9. If two pointson a geodesic surface are connected by a yeo- 
desic line, the line lies wholly on the surface. 


THEOREM 10. Any fro yeodesic surfaces intersect in a geodesic line if they 
intersect at all, 


7. Displacements. We shall now show that our space satisfies the 
third hypothesis. 

For that purpose it will be convenient to introduce an auxiliary space, 
which shall be Euclidean in its properties and in which u, 7, and w shall be 
the rectangular Cartesian coordinates of a point. This auxiliary space we shall 
denote by S’, while the space of constant curvature, whose properties we are 
investigating, we shall call NS. The quantities «, 7, w have then a double 
interpretation ; on the one hand, in S, they are detined by (6), on the other 
hand in S’ they are ordinary Cartesian coordinates. We thus establish a point 
for point correspondence between Sand S’ by which geodesic lines and sur- 
faces in S correspond respectively to straight lines and planes in S’. 

We proceed now to ask what corresponds in S’ to the geodesic distance 
hetween two points in S. For that purpose consider the equation of a geodesic 
line in the form (16) and let Land # be two points upon it, to which correspond 
respectively the values ,, 1), ”, w, and 8, My, 
tance between A and B is s, — s;. 


Ng, Wy. Then the geodesic dis- 
From the equations of the geodesic line, 
with regard to the relations (17) which connect the constants, we readily 
compute 
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ke? (uy Ug + U,Ug + Ww) + 1 = (tan is, tan ks, + 1) 
kK? (uy + vi + wi) + 1 = esec’* ks, 


k9 (us + vp + wh) + 1 = C see’ hve, 
whence follows 


(tat M12 + U2) + 1 








008 (& — 4) .28° 
VF (ui + vf + wi) +1 VR (gd + 3 + we) $1 
This formula which we have obtained in S has a good significance in S’. 
For let us take in S’ the quadric surface 


K(u? + v2 + ww?) + 1 = 0 


as the fundamental quadric in a Cayley system of projective measurement. 
Then, if W is the distance between two points (1%, 1, w,) and (ug, vg, we), we 
have, in accordance with a well known formula of projective geometry, 

Au ts + Paty + myth) + 1 


cos M = 





VE (u? + rt + w?) +1 VR (Od + 3 + wi) +1 
and hence 
Nau ~a, 
Hence we may say: Jf we adopt in S' a system of projective measurement 
referred to the quadric surface 


h2(u* +24 vw?) + 1=0, 


then the geodesic distance between two points in S is equal to the projective dis- 
tance between the two corresponding points in S'. 

Now in order that we may obtain a displacement in |S it is necessary and 
ufficient that we find a continuous one-to-one correspondence between the 
points of S by means of which geodesic lines go into geodesic lines and the 
length of any portion of a geodesic line is unchanged. That these conditions 
are necessary, was shown in §4; that they are sufficient may be shown by 
considering the line element as the length of a geodesic line between two in- 
definitely near points (2, y, z) and (1 + dr, y + dy, z+ dz). 

To any displacement in S corresponds accordingly a transformation in S’ 
by which straight lines go into straight lines and the projective length of any 
portion of a straight line is unchanged. 
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The projective geometry teaches that the transformations with these prop- 
erties are the collineations of which the quadric surface 


Rae+r4 un?) + 1=0 


is an invariant. Accordingly we may say : 
The displacements in S correspond to the collineations in S' of which 


kh? (ue? 4 + uw?) +1—0 
is an invariant ; and conversely. 
These collineations are readily written down. They are 


a, U + gt + a, + a, 
8, u s b+ 6, + é, P 
By u + B,v+ By + B, 


y” 18 
d,u + 6,7 + br + 8, ° ( [7 


=» = 





1» NUN + YW2l T Ys + Ve 
si bu + 7 + di: 4+ 5, F 





where a; 8: y; 6 + 0, and the sixteen constants are connected by the ten 
conditions : 


(ai + Bi + vi) + =F, (v= 1, 2, ”)) 
Ie (ai, + Bi + yi) + 8 =1, + (19) 
aja, + BB, + Vin + 6:8, = 0. (4,h=1,2,38,4: 07h) 


We now need to show that the displacements (18) satisfy the demands of 
the third hypothesis. To prove this directly we might show first that the 
angle between two geodesic lines in S is equal to the angle between the corre- 
sponding lines in 8’, provided the latter angle is measured with reference to 
the quadric surface 


h? (0? 4+ oy? 4 u*) +1—0., 


We might then show directly that the third hypothesis is satisfied in S’, 
and hence in S. But this method would demand extended reckoning. We 
shall choose an indirect method and shall show first that the third hypothesis is 
satisfied in a particular point, the origin, and shall then show that it is conse- 
quently satisfied in any point of space. 

Consider then the origin. The origin is unique in our system of coordi- 
nates because there, and there only, the angle between two intersecting geo- 
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desic lines in Sis equal to the Euclidean angle between the two corresponding 
straight lines in S’. 

To show this, consider a geodesic line in the form (16). If this line goes 
through the origin with the direction (&, &,&), we have by applying the 
methods of p. 93, 

% = 0, b, = by = bs = 0, 
a, = &, ag = &, ag = &, c=+ 1. 
The equation of §2 for the angle between two such lines becomes 


cos 6 = & & + & &2 + & & 


/ / 


The corresponding straight lines in S’ are 


u v ow 
u v w 
and 352 5, 
whence, if ¢ is the Euclidean angle between them, 
cos d = 4, a) + dy dy + Ag a 
= cos 0. 


With proper conventions as to corresponding angles, we have 


o = 6. 
Consider now a displacement in S for which the origin is a fixed point. 
From (18) and (19), it will correspond in S’ to a collineation of the type 
us a, U + Agt + agll, 
v'= Bhu + Byv + Bw, (f) 
wi = YU + Vet + 3 
where 


a+ B+ Vi= 1. (i= 1, 2, 3) 
a,a, + BB, + V1. Mn = %. (i,h=1,2,3; (#h) 
This is a Euclidean rotation about the origin, or a rotation combined with 


a reflection on one of the coordinate planes, according as | a, A3%3| = + !. 
We shall use the rotation only and shall denote it by (R). Let now OF and 
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OL be any two geodesic lines in S intersecting at the origin and let OM and 
ON be any two other lines, such that the angle AOL equals the angle MON. 
We wish to show that there exists a displacement by which OA becomes OM 
and OL becomes ON. 

In S’ we have four corresponding straight lines O'A', O'L', O'M', O'N' 
such that the Euclidean angle A’O'Z' equals the angle W'O'N’. Now there 
exists in S’ a rotation (2) by which O' A’ may be brought into coincidence 
with O'M' and O'L' with O'N’. This is a well known fact which of course 
has its analytic proof. Hence we conclude that the required displacement 
exists in S. 

The third hypothesis is accordingly satisfied at the origin. 

We shall now show that the hypothesis is satistied at any point of space. 
Let P be any point of Sand PA, PL, PM, PN four geodesic lines such that 
the angle APL equals the angle MPN. We wish to show that there exists 
a transformation of type (18) by which PA goes into PM and PL into PN. 
Among the transformations (18) there are x* transformations by means of 
which P goes into O. Take any particular one of these, no matter which, 
and call it 7. Let PA, PL, PM and PN become Of,, OL,, OM, and ON, 
by means of 7. Then the angle A,OL, equals the angle .W,O.N,, since all 
displacements preserve angles. Then there exists, as we have seen, a dis- 
placement /; by which O/Y goes into O.M,, and OL, into ON,. Let 7! be 
the inverse transformation of 7. Then, if we carry out in order the trans- 
formations 7, R,, and T-}, we have a transformation which transforms PA 
into PM and PL into PN. Moreover, this transformation is of type (18). 
This follows geometrically from the fact that all the transformations we have 
used are collineations of which 


A2(u? + v2? + ue) ot =o 


ix invariant, and (18) is the general form of such a collineation. 
Hence the third hypothesis is satisfied in any space of constant curvature. 
We are accordingly justified in proving general propositions by taking 
the lines involved in any convenient position. We may, for example, apply 


to any geodesic line, a result already proved for the line OX and may state 
the following theorem : 


A al ° . . . . 

PHeorem 11. Within a properly restricted portion of a geodesic surface, 
one and only one yeodesic line can be drawn perpendicular to a given geodesic 
line from a point outside of it. 
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Corollary. Within a properly restricted portion of space, one and only 
one perpendicular can be drawn to a geodesic surface froma point outside of it. 


8. Space of Zero Curvature. If & = 0), Riemann’s form of the line 
element is 
ds* = dir? + dy? + dz?, 
The coordinates of the direction (&,, &, &) of a geodesic line are connected 
by the relation 


fi+&+8&=1 


and the angle between two geodesic lines is given by the formula 


cos 6 = §& & + && + & &. 
The differential equations of the geodesic lines are 


Px Cy d?z 


= () -=0 ew 
: ds? ‘ ds? 


ine = (). 
ds? 


The general equations of the geodesic lines are, therefore, 
£ 1 5 


r—b y-h 2-6, — 


ay ay as 
where a+ a,+az= 1. 
The equation of the geodesic surfaces is 
lxr+my+nz+p=09. 


It is evident that the coordinates x, y and z are equivalent to u, v and w 
of the previous paragraphs, and that Theorems 1-11 still hold. In addition we 
may deduce a theorem relating to the angles of a triangle which is peculiar to 
a space of zero curvature. Before stating the theorem, however, we need to 
make the conceptions of a triangle and of the angles of a triangle precise. 

If we select, in the region in which Theorems 1-11 hold, any three points 
not in the same geodesic line, we may connect them in pairs by geodesic lines 
and pass a geodesic surface through them. The geodesic lines lie then on this 
geodesic surface, and the portion of the latter bounded by them we call a éri- 
angle. The triangle divides the points of the surface not lying on its sides into 
two classes, interior and exterior points of the triangle. 
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To remove the ambiguity inherent in the determination of an angle from 
the formula above given, we may make the following convention as to the an- 
gles ofa triangle. If the vertices of the triangle are A, B, and C, the angle 
at A shall be determined by considering the geodesic lines which radiate from 
A and enter the triangle ABC. If now a variable line is considered to start 
from coincidence with AB and take successively the positions of all these lines 
until it coincides with AC, the angle 6 made by the varying line with AB 
varies continuously from zero to a final value A, which we call the angle A of 
the triangle. We may now state the theorem : 

THEOREM 12. Withina properly restricted region of a space of zero cur- 


vature, the suin of the angles of any triangle equals wr. 


It will be sufficient to prove this theorem for right triangles, for any tri- 
angle may be divided into two right triangles by dropping a perpendicular 
from any vertex to the opposite side, and if the theorem is true for the two 
right triangles thus formed, it is evidently true for the original triangle. 

Consider the geodesic surface z = 0, and a point A of which the (xyz)- 
coordinates are (0, p, 0), where p is positive. Let A and C(0,0,0) deter- 
mine a geodesic line, on which the direction AC is that of the increasing s. 





Then the direction of AC is (a; = 0, ag = — 1, ag = 0). 
‘ 
Ax — i 
rs.  ——— p 
< nie 
| x 
Cc} B 


Consider now a moving geodesic turning about A continuously in one 
direction, thereby fixing the angle @ between AC’ and AP. By Theorem 1, 
this line will meet C_X at the beginning of its motion. For convenience we 
take the direction of motion to be such that AP meets CX onthe positive side 
of the origin. Let AM be the first position in which the moving geodesic is 
perpendicular to AC. If the direction of the increasing « is always taken 
from A, the direction of AM is (8, = 1, B,=0, By =0). Then the direc- 
tion of AP is 


E = a, cos 6 4 By sin @ = sin 6, 
E, = a, cos + B, sin@ = — cos 8, 
&, = a; cos 6 + B, sind = 0, 
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and hence the equations of AP are 
c= 8 sind, 
y=-—8 cos 6 + p, 
z= Q. 


Let now AB be a line AP which meets CX, and let B be (0, g, 0), 
where, by the conventions made, q is positive. If we denote by A the angle 
CAB, we have from the equations of the line 


tan A = q 
Pp 
Similarly we may show that 
tan B = P ‘ 
q 


and hence 
cot B = tan A. 


Since p and q are both positive, and A and Bare both acute angles, 


1" Tv 

rhe angle C = >? and hence we have A + B + C = 77, as was to be proved. 
As has been repeatedly said, the theorems so far obtained have been shown 

to be valid only in a region in which there exists a one-to-one relation between 


the points of space and the coordinates (x,y,z). It is, however, possible to 
demand that this relation exist for the entire space and all possible values of 


the coordinates. In this case we have 
EUCLIDEAN SPACE. 
Here all the theorems so far deduced hold without restriction, and we have 
in addition two others of interest. 


THeorem 13. In Euclidean space every geodesic line is of infinite length. 


This follows at once from the form of the equations. 


TnHEeoreM 14. On any geodesic surface in Euclidean space, one and only 
one geodesic line can be drawn through a given point parallel to a given geodesic 
line; any other geodesic line through the point intersects the given geodesic. 

We define parallel lines as follows: A geodesic line through a given 
point is said to be parallel to a given geodesic line, when it is the limit ap- 





pe ee 


lee ee ee 





Oo ee ee erwee ate “2 























aogeeaeryn <o 


i ii aaa ee Ria ena ood ~c eginelfenrrenipry aimee in 


ae 

















104 wooDs, 


proached by a geodesic line through the given point intersecting the given 
geodesic, as the point of intersection becomes indefinitely remote. 

The truth of the theorem then follows from the equations used in proving 
Theorem (12). We had there 


f 
tan ui = 4 . 
P 


As the point B recedes indefinitely in either direction, the angle A approaches 
> and the parallel line is A.W. Any other value of A determines q when p 
is fixed. 

These fourteen theorems form the groundwork of Euclidean geometry. 

Euclidean space is not however the only conceivable space of zero curva- 
ture. A systematic investigation of all possible cases seems to be yet lacking, 
although the general lines on which such an investigation would proceed have 
been marked out by Klein and some of the problems have been attacked by 
Killing.* We will content ourselves with mentioning three possibilities. 

First, we may suppose that to all points with coordinates (x + n,¢,, 
YH NgCy, Z + Ng Cs) Where c,, cy, ¢; are Constants, and ny, vg, Ny are any posi- 
tive or negative integers, shall correspond the same point of space. Such a 
conception presents no difficulty, at least analytically. Our space is then rep- 
resented point for point by the interior of a rectangular parallelopiped in 
Euclidean space, the lengths of the edges of the parallelopiped being c,, c,and 
cz respectively and the opposite faces corresponding point for point with one 
another. For any portion of space lying within this parallelopiped, Theorems 
1-12 hold, but Theorems 13 and 14 are not always true. For, the lines 
(x = const., y = const.),(¥ = const., 2 = const. )and(z = const., += const. ) 
are certainly finite in length, and for these lines the theorem of parallels 
ceases to hold. Moreover triangles may be constructed within the entire space 
thus defined for which Theorem 12 is not true. 

Two other examples of spaces of zero curvature may be derived from the 


preceding by considering that one or two of the edges of the parallelopiped 
are indefinite in extent. 


9. Space of Constant Negative Curvature. If & = i//i where R 
is a real quantity, the space is one of constant negative curvature, — 1/F?. 





*Klein, Math. Annalen, vol. 37 (1890) p. 544. 
Killing, ibid. vol. 39 (1891) p. 257, and Grundlagen der Geometrie, vol. 1, chap. 4. 





SPACE OF CONSTANT CURVATURE. 105 


The element of arc may be written 


ds? = cosh? 7, cosh? F dat + cosh? 7, dy*® + dz, 


and the functions u, v, w, ¢ are 


u=R tanh — ‘ 


R 
v = Rsech 7 tanh ' 
w = Rsech 5 sech + tanh, 
( = sech 7 sech J sech 5. 


To any set of real values of (x, 7,2) correspond then one and only one real 
set of values of u,v,w,t. Since, however, sech @ is numerically not greater 
than unity for real values of 0, ¢ is numerically less than unity. That is 
OsfV 31 
and consequently 
OsvW4+er+ers 

for real values of x, y, and z. Conversely, it is readily proved that to any 
real values of u, v, w satisfying the above conditions correspond one and only 
one set of values of x, y, and z. 

The angles of a triangle obey the following theorem : 

THeoreM 12’. Jn a properly restricted portion of a space of constant neg- 
ative curvature, the sum of the angles of any triangle is less than wr. 

We may employ the construction and figure of the previous paragraph, 
but the analytic work will be different. The direction of the line AP must 
satisfy the relations, 


EF cosh* >, + S=xl, & = 0. 


In particular, the direction of AC is (a, = 0, ag = — 1, as = 0) and of AM 


(8, = sech a 8, =0, B,=). Hence 


< f= +080, §& = 0. 


&, = sin@ sech 
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By (19), §6 the equations of AP are 





x s So \ 
u = Rtanh R= a, R[ tanh _—“ tanh at 
wih a a 80 P > 
v= Rse ch tanh _* ay R[ tanh R tanh > | + R tanh, , 
z2=Q, } 


where 8, is the value of s for the point A. From (16), §6, 


D 8; 
Sn c sech— 


R Ro 


Hence, by differentiating the equations of AP and substituting the coordinates 
of A, 


sech 


8 a ) 
E, = a sech? R = 3 sech? . 
§ 9 So ay 
sech? 3 £&, = a, sech? R= 7 sech? & ; 
Therefore a, = c sin@ cosh . 
a, = —c* cos8, 


and the equations of AP may therefore be written 


u = — tan@ cosh 7, v — tanh RB): 

The line AB is satisfied by placing x = 4, y = 0, 0 = A; whence 

tanh S| 

tan A = ——. 

sinh 7, 

tanh 3 
Similarly tanB = ——., 

sinh 
and hence tan A tan 2B = —— a. ; 

cosh = cosh | 
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Since p and g are both positive, A < > B< 2 and tanA tanB <1; 
hence 
A+Bc= 
+ < 9 
and A+B+C<r. 
The theorem therefore holds for right triangles and consequently for all tri- 
angles. 


We obtain the simplest example of space of constant negative curvature 
in assuming that a one-to-one correspondence exists between our entire space 
and the (x, y, z) coordinates. We have then the 

Space oF LopacHeEvsky, BoLyal anp Gauss. 


Within this space, Theorems 1-11 hold universally. In addition we 
have the following theorems : 


THEOREM 13’. All geodesic lines are infinite in length. 

This follows at once from the equations. 

THEOREM 14’. On any geodesic surface, two geodesic lines can be drawn 
through a given point parallel to a geodesic line; all other geodesic lines through 
the given point are separated by the two parallel lines into two sets, one set con- 
sisting of lines which intersect the given geodesic line, the other of lines which 
do not. 


The definition of parallels remains the same as in Euclidean space. The 
truth of the theorem follows from the equation 


: ; 
u = — tan@ cosh 3 (« —fR tanh 7, 

deduced above for a line through (# = 0, y = p, 2 = 0) in the plane z = 0. 
This line intersects OX, or v = 0, in the point 


u=R sinh 5, tan 6, r= 0, w= 0. 


These values correspond to real, infinite, or imaginary values of x, y, 2 accord- 
ing as 


rR sinh? >, tan?@ <, =, or> RF, 











_ . » 
. > = 
a ee A 4 ‘ 

















er eee 





Cg ee nee ee nat openem ate 














108 wooDs. 


Let a be the smallest value of @ for which 


R? sinh? P tan? = R?; 


R 
e 2 
h t inh p =< 
= sinh= = —— 
t. en cold . R 5) 
whence e* = cot sa, 
P 
a = 2? cot—! ef 





It is now clear that if 0 S 6 < a, the geodesic line intersects the line OX, the 
point of intersection receding indetinitely as @approachesa; if a <@0<m—a, 
the geodesic line does not intersect OV; if tr —a < 0s 7, the geodesic again 
intersects OY. This establishes the theorem. 

We have thus the groundwork of Lobachevsky’s geometry.* 

Kleint has pointed out that other examples of space of constant curvature 
may be found by considering the polyedrons used by Poincaré in his investi- 
gations of the Klein groups. The details of the work are yet to be carried out. 


10. Space of Constant Positive Curvature. If 4 = 1//?, where 
# is a real quantity, the space is one of constant positive curvature 1/2??. 
The functions u, v, w, ¢ are then 


. 
u = Rtan- 


Rk’ 
R sec tan 
ec R tan R’ 
R see os see = tan : 


R R R’ 


=~ sec — > 
R 
It appears that u, v, ~, fare single valued functions of x, y, z, but the con- 
verse is not true. 

If we limit ourselves to such a portion of space that a one-to-one relation 
exists between its points and the coordinates (u, v, w) and (x, y, z), Theo- 
rems 1-11 of the preceding paragraphs hold. In addition we have the follow- 
ing theorem: 





* Cf. Zwei geometrische Abhandlungen, German translation by Engel, Leipzig, 1899. 
+ Math. Annalen, vol. 37 (1890), p. 544. 
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TueoreM 12”. Jn a properly restricted portion of a space of constant pos- 
itive curvature, the sum of the angles of any triangle is greater than tr. 


The proof runs exactly parallel with the proof of the corresponding theo- 
rem in space of constant negative curvature. 

We obtain an example of a space of constant positive curvature, if we as- 
sume that a one-to-one correspondence exists between the points of space and 
all the triples of values (u, v, w). We have then 


SIMPLE SPACE OF ConsTANT PositIVE CURVATURE. 


Within this space, the following distinctive theorems are derived from the 
equations of the geodesic lines : 

Every geodesic line is of constant finite length rR. 

All geodesic lines intersecting in a point return again to their point of in- 
tersection, and have besides no point in common. 

There are no parallel lines in this space. 

Another example of a space of constant curvature is obtained if we assume 
that a one-to-one correspondence exists between the points of space and the sets 
of four values (u, v, w, ¢) where 


1+ R-2(u? + ve? + w?) = A. 


We have then the 


DouBLeE Space or Constant Positive CURVATURE. 


Within this space the distinctive theorems hold : 

Every geodesic line is of constant finite length 27R. 

All geodesic lines intersecting in a point intersect again in a point at a 
distance wh from the point of intersection and then return to the point of in- 
tersection. 

Parallel lines do not exist in this space either. 

In the double-space the geometry on the geodesic surfaces is identical 
with that on the surface of a sphere in Euclidean space. In the simple space 
the geometry ona geodesic surface is that which would be obtained in Euclid- 
ean space by the projection of the surface of the sphere from its centre upon a 


plane. 
For further discussion, the reader is referred to the last cited work of 


Killing. 
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11. Relation of our Results to the Facts of Experience. 
There remains yet the problem to enquire how far the foregoing systems of 
geometry explain the facts of experience. To deal with this question ex- 
haustively would require more space than is at our disposal. We must content 
ourselves with a mere outline of the treatment. 

We do not wish todiscuss the metaphysical questions involved. To some 
minds the space conceptions which underlie Euclid’s work, including his theo- 
ries of parallels and of the infinite extension of space, are a priori true, and 
no others conceivable. With those who hold this opinion we have no argu- 
ment for we meet them on no common ground. We take the standpoint that 
our knowledge of external space comes to us solely from experience. A sys- 
tem of geometry is an attempt to explain certain facts of experience and, as 
long as the system is self-consistent, its objective truth or falsity can be judged 
only by its success in so doing. 

We assert: Any one of the systems of geometry derived from the hypoth- 
eses of this article is, as fur as our present knowledge goes, in full accord with 
all facts of experience, provided suitable values are given to the constants in- 
volved in each system. 

Experience is necessarily limited to a finite extent of space. Observation 
and measurement can never extend beyond the most remote astronomical ob- 
jects, and this distance can well be very small compared with the full extent of 
objective space. Hence any geometry which agrees with experience only for 
a restricted portion of space will serve quite as well as Euclil’s geometry for 
explaining the facts of experience. In fact we are not justified in going out- 
side of such a restricted portion of space. Any assumptions, for example, 
as to the existence or the nature of parallel lines, the connectivity of space, 
or the displacement of space as a whole, are only justified in case they produce 
results which would be visible in an arbitrarily small region of space. 

The geodesic lines of any space of constant curvature have for a suitably 
restricted portion of their length all the properties of the “straight lines” of 
practical life or of Euclidean geometry. In the endeavor to construct a mate- 
rial line which shall be as nearly as possible “ straight,” we may proceed by 
attempting to realize the shortest distance between two points; for example, 
by free-hand drawing, by stretching a string, or by observing the path of a ray of 
light. The result is simply a geodesic line by definition. Or, we may look 
for a line which may be revolved upon itself when two points are fixed. This 


is also a property of a geodesic line in a space of constant curvature, by virtue 
of the third bypothesis. 
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A geodesic surface has the properties of a “plane.” The practical testing 
of a plane surface by the application of a“ straight” edge has its full signifi- 
cance in a space of constant curvature. 

The practical measurement of length and angle gives no criterion as to the 
curvature of space. Such measurement consists of the assumption of a unit 
and the application of the unit to the thing measured. These operations are 
carried out without hindrance in any space of constant curvature. In fact the 
difference between a space of constant curvature and Euclidean space is not in 
the manner in which measurement is practically carried out but in the analytic 
interpretation of the process. So, more generally, any geometric figure 
may be carried without distortion from one portion of space of constant cur- 
vature to another, so that all properties of figures are independent of the 
positions of the figures in space. 

From these considerations it appears that the groundwork of experi- 
mental geometry is unaltered by an assumption as to the curvature of space, 
provided the curvature is constant. Referring to the theorems of the preced- 
ing pages, we see that all spaces of constant curvature agree in the first eleven 
theorems. A distinction appears first in the twelfth theorem. Here we have 
apparently a means at hand to determine precisely the curvature of external 
space by measuring the angles of atriangle. The test however fails, owing to 
the practical impossibility of exact measurements. All we can discover is 
that the sum of the angles of a triangle does not differ very much from 7. 
And now it is possible to show that if the sides of a triangle in a space of 
constant curvature, + 1//??, are sufficiently small compared with /? the diver- 
gence of the sum of its angles from 7 is within the limits of the errors of ob- 
servation.” We can say only this: Jf the space of experience is of constant 
curvature + 1/F?, R must be very large compared with the distance between any 
two points lying in that part of space in which measurement is possible. 

To complete our argument, we need to ask whether other crucial theorems 
may not be developed, by means of which the curvature of space may be practi- 
cally determined. At present, no such theorem has been found. Euclidean 
geometry in finite space may be derived from our first twelve theorems, and 
the geometry in a space of constant curvature agrees, as far as has been shown, 
with Euclidean geometry within the limits of error of observation. 

There are still questions to be solved, however, notably in regard to the 





* See for example the calculation in Lobachevsky’s Zwei geometrische Abhandlungen, 
translated by F. Engel, pp. 22-24. 
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connectivity of different spaces of constant curvature. It is only within the last 
twenty-five years that the possibility has been recognized of the existence of, 
such spaces as that represented by the parallelopiped of §8, and of similar 
forms with other curvature. Consequently many theorems stated in the ear- 
lier papers as universally true are now known to be false, or true only in a re- 
stricted portion of space. For example, a space or a surface of zero curvature 
is not necessarily infinite in extent; two “straight” lines in a space of zero 
curvature may meet in more than one point; and the sum of the angles of a 
triangle in a space of zero curvature may exceed 7, if the surface of the trian- 
gle covers a sufficiently large area, It is possible that a more careful study 
of these spaces may yet reveal properties which render them unfit to explain 
the facts of experience, but at present no such properties have been found. 

If we are satistied that the geometries belonging to spaces of constant cur- 
vature explain experience, the question naturally arises: Are these the only 
systems of geometry which do so? An answer to this question may be at- 
tempted by building up synthetically systems of geometry after the manner of 
Euclid, but with the assumption of the fewest possible axioms. The most re- 
cent example of this mode of procedure is found in the elegant work of Hil- 
bert on the Foundations of Geometry.* 

If we maintain the analytic methods of this article, the question demands 
an examination of our three hypotheses. They have been shown to be suffi- 
cient to explain experience ; the question now is as to their necessity. As to 
the first hypothesis it is evident that it must be made, if space is to be treated 
by the ordinary methods of analysis. With the second hypothesis the case is 
not so clear, since we have assumed the line element arbitrarily. Helmholtz, 
however, has obtained this line element as a consequence of certain axioms of 
motion, which include our third hypothesis. Lie* Has shown that Helmholtz’s 
axioms and methods need a thorough revision, but his results remain essen- 
tially unaltered. We are, accordingly, justified in saying that no explanation 
of spatial phenomena has yet been given without the assumption of axioms 
which lead necessarily to our three hypotheses. 

MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 


308STON, DECEMBER 1901. 





* Grundlagen der Geometrie, Festschrift zur Feier der Enthiillung des Gauss-Weber-Denk- 
mals in Gottingen, Teubner, 1899. 


*W. Lie-Engel: Theorie der Transformationsyruppen, vol. 3, pp. 437-543. See also Klein, 


Lectures on Muthemutics, l. c. 
































BRILLIANT POINTS AND LOCI OF BRILLIANT POINTS.* 


By W. H. Roever. 


1. Introduction. When a ray of light meets a polished surface it is 
reflected according to the following laws: 

The incident ray, the reflected ray, and the normal to the reflecting surface 
at the point of reflection lie in one plane. This plane is called the 
plane of reflection. 

In the plane of reflection, the incident ray and the reflected ray lie on 
opposite sides of the normal and on the same side of the tangent. 

The incident ray and the reflected ray make equal angles with the normal. 

These laws are inferred from experiments in which pencils of light are re- 
flected from polished planes. 

The points of reflection of those reflected rays which pass through the 
pupil of an observer's eye are, for the observer, luminous points, and are called 
brilliant points.¢ The points of reflection of those reflected rays which, when 
produced backward, pierce the pupil of an observer’s eye are not luminous, 
and are sometimes called virtual brilliant points. Virtual brilliant points pre- 
sent themselves in the analytic treatment when certain equations are freed from 
radicals, 

Tubular surfaces are envelopes of spheres of constant radii whose centres 
are situated in a given space curve which is called the axis of the tube. As 
the radius of a tubular surface approaches zero, its brilliant points approach 
points in the axis. The axis is the given space curve, and this fact suggests 
the definition of a brilliant point of a space curve. 

It is evident that the position of a brilliant point depends upon the posi- 
tion of the observer's eye, the position and nature of the source of light, and 
the position of the reflecting surface. Hence when the surface, source or eye 
moves, vr when the surface changes its shape or size, the brilliant points move. 
The locus of a brilliant point may be a curve, a surface or a region of more 








* Presented to the American Mathematical Society at its meeting, 22 February, 1902. A 


communication on this subject has been made to The Academy of Science of St. Louis; ef. 
Trans. Acad. Sci. of St. Louis, vol. x, No 11 (1900), p. Lxii. 
t Alhazen (A. D. 987-1038) determined geometrically the brilliant points of a concave mirror 
when the source and the recipient are given. Cf. Ball, A Short History of Mathematics, p. 167. 
(113) 
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dimensions. When it is a curve, it is called a brilliant curve, and when asur- 
face, a brilliant surface. Owing to the fact that the impression of an image 
on the retina of the eye remains for some time after the object which has pro- 
duced it has disappeared or become displaced, it is possible for us to perceive 
the brilliant curve when the illuminated polished surface is rapidly moved. 

A striking example of this fact is presented by an illuminated polished rod 
which is rapidly rotated. When the rod is of small radius and the axis of rota- 
tion intersects and is perpendicular to the rod, the brilliant curve lies in a 
plane. Fig. 3 illustrates this case. The plane of the paper represents the 
plane of rotation, Pj and P; are the projections of the source of light and of 
the eye respectively on this plane, and z, and 2, are the distances of the light 
and of the eye above the plane. The heavy full line represents the visible por- 
tion of the brilliant curve. This curve may be seen in a carriage wheel. In 
this case the source of light is either the sun or a street lamp. Owing to the 
great distances of the source of light and the eye of the observer from the hub 
of the wheel (great in comparison with the diameter of the wheel), the brilliant 
curve looks like a straight line passing through the hub, and on account of the 
motion of the carriage this line continually changes its position. 

Closely packed assemblages of brilliant points look like continuous regions 
of light when the consecutive brilliant points are so near each other that the 
eye can not separate them. An example of this is presented by a circular saw 
which has been polished with emery in a lathe. The consecutive scratches 
made by the particles of emery are so close that their corresponding brilliant 
points are too close to be separated by the eye. Each scratch may be consid- 
ered as being the special position of a variable scratch, and hence the isolated 
brilliant points are points of a brilliant curve. This curve is illustrated by 
Fig. 2 and the photographs. In Fig. 2 the plane of the paper below the line 
AB represents the plane of the saw, P| and Pjare the projections of the source 
of light and of the eye respectively on this plane, and z, and z, are the distances 
of the light and of the eye above the plane. The heavy full line represents the 
visible portion of the brilliant curve. The photographs also show this curve. 
In the latter case the source of light is an electric arc and the eye is replaced 
by the optical centre of the lens of the camera. It will be observed, in the 
photographs, that near the centre of the saw there is a discontinuity in the 
brilliant curve. This is due to the fact that, at a small distance from the centre, 
the concentric circular scratches are replaced by spiral scratches, due to a differ- 
ent mode of polishing. 
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The most general problem to be discussed in this paper is the following :— 
Required to find the locus of the brilliant points of a two parameter famil y of 
space curves when the source of light and the eye of an observer are in given 
fixed positions. An example under this case is presented by the rapid rota- 
tion of the saw above referred to, about an axis in its plane. Another ex- 
ample is furnished by a family of parallel polished wires, as for instance the 
wires strung on the arms of a telegraph pole. 

In what has been said above it has been tacitly assumed that the source 
of light is a point and that all the rays reflected at the brilliant points belong 
to a family of right lines each member of which passes through the same point, 
namely, the pupil of the observer's eye. It might be required to find those 
points of reflection for which the reflected rays belong to a family of right 
lines each member of which is normal to a given surface. This given surface 
would be called the recipient. The eye would then be said to be a point recip- 
tent. A surface to which all the incident rays are normal would be called the 
source. When all the incident rays emanate from a single point, this point 
would be said to be a point source. 

In the present paper I shall confine myself to the brilliant points of 
curves with respect to a point source and a point recipient. 


2. Definition of Brilliant Points. (Given the space curve 
F (2, ¥,z) = 9, F, (x, y, ) = 0, 


a family of right lines emanating from the point 7, (2, ¥;, 2) called the 

source, a family of right lines emanating from the point P,, (x2, Y2, 22) called 

the recipient. The point Po, (2, Yo, Zo) is said to be a brilliant point of the 

space curve F', = 0, Fy =0 with respect to the points P, and P, when the 

following conditions are fulfilled. 

1. The point P is a point of the curve /, = 0, PF; = 0; 

2. The right line Py P;, considered as a whole, and the right line /) P2, 

considered as a whole, make equal angles with the line of intersec- 

tion of their plane with the plane normal to the curve F; = 0, 

= Oat Py. If the two planes coincide, Py shall still be consid- 


ered as fulfilling this condition. 
This is the most natural definition of the brilliant point of a space curve 


as suggested by that of a surface. Condition 2 is co-extensive with the fol- 
lowing condition. 
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3. The right line P, P,, considered as a whole, and the right line Py P,, 
considered as a whole, make equal angles with the right line which 
is tangent to the curve F, = 0, F, = 0 at 1%. 

Fig. 1 enables us to see geometrically that Conditions 2 and 3 are co- 
extensive. In the figure, 7’) is the centre of a sphere which is pierced in the 
points A, A by the tangent at P, to the space curve F, = 0, F, = 0, in the 
point B, by the right line P, P;, in the point B, by the right line > P, and 
in the point C by the line of intersection of the normal plane and the plane 
of the lines P, P;, P,) P:>. The great circle through C which has A, A for 
poles is the intersection of the sphere by the plane which is normal to the 





Fig. 1. 


curve fF, = 0, F, = Oat Py. The great circles AB, and AB, cut the normal 
plane in D, and D, respectively. In the right spherical triangles B, D, C and 
B,D,C, angle D,CB, = angle D,CB,. By Condition 2, side CB, = side 
CB,. Hence the two triangles are equal and are AB, = are AB. But this 
is Condition 3. If, on the other hand, we have given are AB, = are A By, it 
follows that are CB, = are C’'B,, and this is Condition 2. 

Classification of Brilliant Points. Those brilliant points Py for which 
the segments of right lines P, P, and Py P, lie on opposite knappes of a cone 
of revolution whose axis is the tangent to the space curve at P, and whose 
vertex is P, shall be called actual brilliant points, and those for which these 
segments lie on the same knappe shall be called virtual brilliant points. 
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When the semi-angle of this cone is a right angle, an ambiguity arises. In 
this case /% shall be called an actual brilliant point, except when it lies be- 
tween P, and /, on the right line P, P;. In this exceptional case, it shall be 
called a virtual brilliant point. 


If the curve represented by the equations 7, = 0, F, = 0 be the axis of 


a polished wire of small radius, and if one of the points P,, P, be replaced 
by a source of light and the other by the eye of an observer, then the observer 
will see the actual brilliant points as luminous points. 


3. Analytical Conditions. The deduction of the following condi- 
tions will be given in a paper which the author intends to publish in the near 
future. 

The NECESSUL and su fficient®* condition that the point Pix, Yy2 shall he 
a brilliant point of the space curve F,(x, y, 2) = 0, Fy(x, y,2z) = 0, with re- 
spect to the two points P\, (2, ~y, 2) and Py, (v2, Yr, 22) ts 


Fy (2, 4,2) =0 ) 





(a 
P(t, y,z)=0 J) ) 
rar oF ar 
Ay} Bl = (8 = 43) + =" (¥ — 2) + oe (e— 4) | 
cA Cy Cz 
(oF oF CF 
+ Be] —— (x — 41) + a" (y—N) + = (2 - | | 
L_ Cd Cy Cz ) 
oF, oF. CF, 
- AS B,| © (rr — ry) + x 2 (y — yx) 4 . ~(z=— »| 
{ L. 7s CY C2 
oF, oF, c F, ) 
+ Bi - “(0 — ay) + -—— ty — fa) 4 te—a)]t 
| eu OY Cz 
(), (4) 


*This condition is sufficient,: provided that there are no points at which the surfaces 
F, =0, Fo = 0 are tangent and hence 


c F, c F, a F, a F, c F, C F, 
ey ez 2 er ex Cu 
= QV, = Y, = 0 
CF, CFs CF. ¢F, CK, CF, 
cy Cz Cz cr er Cu 
. OF OF C Fi CF CF 
and no points at which either 2 = 0, = '=0 = — 0 or = (), = 0 = 0 
cy Cz cy ( 
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where 
oF; 
Oz 
u— Xt, Y¥— Yi z= 2) | 


L—Le Y— Yo 2 — 2 


By putting, in equations (@), (4), 


F(x, Y, Z)= F(x, y)= 0), 
and hence 


in which F'(.r, 7), , - and vy only, we 
r y ° . 


obtain the following theorem : 
The necessary and sufficient condition that the pomt P,(a2, 4) shall be a 
brilliant point of the plane curve F(x, y) = 0, with respect to the tivo points 


Pis(21s fre 21) ANd Py, (295 Yay 22), Which are not in the plane of the curve is 


Fir, y) =0 (a’) 


CF 
a (Y¥ — "\) 
Cy 


oF 
c 


r : z } | : ( b’ ) 


Io— Iq Yr Yr = 7 — Ve 


Let us denote by a, and a, the absolute values of z and z, respectively 
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and by Pj and P; the projections of the points P, and P, on the X, Y plane. 
The condition just stated is the same for the four cases: (z, = a, z, = Az), 
(2) = — My, %= — Az). (4 = — MN, B= Aq), (4 =H, %=— 4). According 
as we have one of the second two, or one of the first two of these cases, the 
right line P, /, cuts the right line Pj P; between or not between P/ and P3. 
Let us denote by P; the point between Pj and P3 and by P; the other point. 
The four points P;, Pj, P;, Pz form a harmonic range. The coordinates of P, 
and P; are respectively 


ay “a ay ay 
r+ Wy Wt VP iy — — XL N—- = 2 
a a ’ a, ~ a 
1 1 1 
l+— l+- la — lu 2 
dy ay ay as 


Both P; and P; satisfy equation (6'), and hence if the curve (a@’) passes through 
them, they are brilliant points. 

By putting, in equation (6'), z, = 0 and 2 = 0, we obtain the following 
theorem : 

The necessary and sufficient condition that the point P,(.c. y) shall be a 
brilliant pot of the plane eurve F(x, y) = 9, with respect to the two points 
Py. 4) and Py, (2g, Y2). which are in the plane of the curve is 


F(z, y) =0 (a'’) 
ryt (_., ae eF é6F 
| EF ( b> y]) oy 
Hy ft ——(i— x -_ —i wy — ft ‘ | 
1 ae 1 oy | yy 
Ty Yq | ro— Ie Y — Wo 


oF oF 
Cr Cy —() (4") 


Fm my y—N 


oF oF 
ar (2 — %) + = (9 — nm) 
J Cy 


The first factor of the left hand member of equation (4) vanishes for all 
points of the right line 2, P;. With the exception of 7, and 73, the second 
factor vanishes for no point of this right line, except when the line is normal 
or tangent to the curve F = 0. ‘To show this, substitute for x and y the co- 


ordinates of any point of the right line 7’, 2, 


athe _ Ww thy: | 
71." =” 
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The second factor of the left hand member of (6") then becomes 
P k oF oF 
2 k oF oF = ws 
* 2 (XY, — X%) + = (4%, — Ys) cr CY 
a r a CY . . 
My — 2 4, — 2 
This expression vanishes when & = 0 and when & = x. These are the 


coordinates of P, and P,. For other values of & the expression cannot van- 
ish unless 


, CF ck 
either ——— (ap = eee TT SZ (41 — 9) i (1) 
Cr Cy 
ch oF 
or er by = (2) 


my ——@5— Fs 


If the right line 7, P, and the curve F(x, y) = meet, equation (1) is the 
necessary and sufficient condition that 7, P, shall be tangent to F’ = 0, and 
equation (2) is the necessary and sufficient condition that 7’, 2; shall be nor- 
mal to F’= 0, 


4. Loci of Brilliant Points. Suppose we have a family of space 
curves given by the equations 
P(r. ¥. 2. py) = 9, D(, 4. 25 Pg) (), (a) 
in which p, and p, are two independent parameters. If, after substituting ®, 
and ®, for / and F, in equations (7), (4), we eliminate p,; and p. between 
these three equations, there results an equation, independent of p, and py, 
which is satisfied by the brilliant points of every member of the two parameter 
family of space curves (a). This equation represents the surface which is the 
locus of all the brilliant points, 7. ¢. the Ari/liant surface, of the given family 


of space curves with respect to the fixed points 7? and 7?,. When the fune- 
tions ®, and ®, are of the form 





?, (w, Ys Zs Pr) F (ZX, Y¥,2) => Vs Pp, . 2. Ys 25 Ps) in’. 's. Y, 2) — Pas 


no elimination is necessary, and equation (4), as it stands, represents the brill- 
lant surface. Similarly, if we have a family of plane curves given by the 
equation 


P(r, ¥.p) = 4), (a’) 
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and if, after substituting ® for F’ in equations (a'), (4'), we eliminate p be- 
tween these equations, we obtain the equation of the brilliant curve of the 
given family of plane curves (a’) with respect to the fixed points P, and P,, 
which are not in the plane of the curves. When the function ® is of the form 


(7, y, p) = F(x, y) — p, 


no elimination is necessary, and equation (4'), as it stands, represents the 
brilliant curve. When both 7, and 2, lie in the plane of the family of curves 
(a'), we obtain the equation of the brilliant curve by eliminating p between 
equations (a), (6") after substituting ® for F’. In this case the brilliant 
curve consists of two distinct curves, one of which is the right line conneect- 


ing ?, and Py. 


THEOREM. When the source and the recipient are in the plane of a family 
of curves, the brilliant curve of this family and that of its orthogonal tra- 


jectories are identical, The portion of the brilliant curve, with the exception of 


the right line P, Py, which for the one family is the locus of the actual brilliant 
points, ix for the other family the locus of the virtual brilliant points, and vice 


rersd, 


5. Applications. (a) The Suv Curve. Let it be required to find 
the equation of the “saw curve ” referred to in the introduction. The curve 
of light seen by an observer and shown in the accompanying photographs is that 
portion of the brilliant curve which is the locus of the actual brilliant points. 
In Fig. 2 the locus of the actual brilliant points is represented by a heavy full 
line and that of the virtual brilliant points by a heavy dashed line. The 
scratches caused by the particles of emery are concentric circles whose com- 
mon centre is the centre of the saw, and hence our family of curves is repre- 


sented by the equation 


r + y" — q> = (), (3) 
in which a is the variable parameter. 7), (7. Y1. 21) is the source and 7, 
(9, Yas 29) is the recipient. The derivatives of the left hand member ot 
equation (3) are 
of — oF fe 
Cr CY 
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Substituting these in (b') we obtain 
[ (aay —YsX) + (NF—QNY) + (MA ran) | [ u(x —%)+ y¥(y—y) | 


ty ¥ — Yor + sa(xa@— 4%) + y(y— Yo) { ay Yr | 


+ 2(% Y — y2x)? — B(my¥ —y,2)'=0. (4) 


This equation may also be written as follows : 
[ (ns —DH)Y —(Ys- WA) + M2 — nn] [ (ns + 1) (7 + zy) 
— (Wet Nn) + FX) + (M2 t+ Wi) (2-7) + Un —- ry 2)y| 


— 2(27 Ry - AM N)Xy + (4% —-— Ax) + (AR- Bye =O. (9) 


The result may be stated thus: The brilliant curve of a family of con- 
centric circles, when the source and recipient are not in the plane of the family, 
is a curve of the fourth degree. This curve passes through the common centre 
of the circles (3), and also through the points ?; and P;, whose coordinates 
have been given in §3. 

When the right line 7) P3, which is the projection of P,P; on the plane 


U . 
_/ . For this rela- 


y 
a) Ye 


of the circles, passes through the centre of the circles, 
tion, equation (4) becomes 
(cy— “os — MA) + P)— (Ya NW) (M12 + Fa )# — AW Y2) (Y2- WY 


+ an—ayi] =o, (6) 


: ° LL x on ° . . : . 
in which c = — = ~*. ‘The first factor of equation (6), when set equal to zero, 
n Ik 
represents two coincident right lines which pass through the origin and contain 
* and Py. The second factor, when set equal to zero, represents the circle 


cut by the (.Y, Y)-plane from the sphere whose equation is 


(x — %)* + (y—n)* + (2—*%1)" _ gs (7) 
(x — #2)? + (y— yx)? + (2 -—&)* 
in which & = “2 = 4. This sphere cuts the right line 7 P, in points whose 
2 Vs 
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coordinates are 


t+ Keury Yr hy 3 + hz, 
1+k ’ take ° 1+k- 
On account of the value of 4, the first two coordinates of one of these points 
‘a. , : ry . 
are zero. The result of putting | ms a | = 0 can be expressed as follows : 


When the axis of the saw (¢. e. the right line perpendicular to the plane of 
the saw at its centre) intersects the right line P,P, which connects the source of 
light, P,, and the recipient, an observer's eye, Ps, the brilliant curve consists 
of a straight line and acircle. The straight line passes through the centre of 
the saw and contains the projections of Py and P,. The circle is the intersection 
of the plane of the saw by the sphere which has P, and Ps as conjugate points, 
and passes through the intersection of the aris of the saw and the right line 
P, P;. 

When the axis of the saw intersects the rightline P, Py inthe point P; half 
way between P, and Ps, the sphere is replaced by the plane which is perpendic- 
ular to P, Py at P3, and in this case the brilliant curve consists of tivo right 
lines which are perpendicular to each other and one of which passes through 
the centre of the saw. When in this special case the right line i P, is parallel 
to the plane of the sai, the tiro right lines cross each other perpendicularly at 
the centre of the saw. 

The photographs show some of the special cases. 

When z, = 0 and z, = 0, the curve represented by equation (5) degener- 
ates Into the curves represented by the equations* 


(2 — “DY — (he -— N+ MI ay = (8) 
and 
(2+ 2 )(7 + PY) — (e+ Mm) + Pe) + Crys + yy) (0? — y*) 
+ AN 2 — “1 "2)ry = %. (9) 


Equations (8), (9) might have been gotten directly from (A). It is, of 
course, a physical impossibility to see the curve represented by equation (4). 


(1) The Carriage Wheel Curve. Let it be required to find the equa- 
tion of the ” carriage wheel curve” referred to in the introduction. In Fig. 3 


* Equation (9) is the equation obtained by Lieutenant Hamilton, ANNALS OF MATHEMATICS, 


ser. 2, vol. 2 (1900/01), p. 97. A geometrical construction for this curve is given by Eagles, 


Constructive Geometry of Plane Curres, p. 333 


eedede 
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the locus of the actual brilliant points is represented by a heavy full line and 
that of the virtual brilliant points by a heavy dashed line. The spokes of the 
wheel being radial and of small radius, our family of curves is represented by 


the equation 


Y — ar — Q. (10) 
oF oF 
a — tl, -~ = i. 
Cer c Y 


Substituting these values in equation (4'), and eliminating a between the equa- 


tion thus obtained and equation (10), we get 
[ H2Y— Yo) + (NEM) + (1a — 2h | =| yf yar Y— YX, | Ll e — X2) 
t WY — Ya)\ + P24 — Pet) je (4— 4) + yy - ni] + 
ay r(e — #2) + Wy — de) — a} r(4 — 4) + Wy W)C =. (11) 


The result may be stated as follows: The brilliant curve ofa fumily of radiating 
right lines, when the source and the recipient are notin the plane of the family, 
is a curve of the fourth degree. This curve passes through the radiant, and 
also through the points 7’, and 7’, whose coordinates have been given in §3. 
The first term of equation (11) differs from that of equation (4) only in sign. 

When z, = O and z, = 0, the curve represented by equation (11) degen- 
erates into the curves represented by equations (8), (9). This is in accord- 
anee with the theorem of $4, since the families of curves represented by 


equations (3) and (10) are orthogonal trajectories. 


(c) A Family of Equilateral Hyperbolas. Let it be required to find 


the brilliant curve of the family of plane curves 
Ly > @, ( 12) 


when the source and recipient are not in the plane of the curves. 


CF oF 
= = Ys — = <2 
CL ; Cy 
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Substituting these values in (4'), we get 
| | Ea —rj)te(y—miby (ay — ys) — 2 (4 — #2) $+ hy (2% — 2) 


+0 (y —Y¥2)$3Y(Y — Nn) — (4 — 21) | + 2SY(Y — Y2) — HC — ay) P? 


— 33y(y — nn) — 2(# — m4) 3? = 0 (13) 


6. Geometrical Constructions of the Brilliant Curve for 
Certain Families of Plane Curves. It isa property of the sphere that, 
if any point of its surface be connected by right lines with a pair of conjugate 
points and also with the points in which the sphere is pierced by the diameter 
containing the conjugate points, the latter lines bisect internally and externally 
the angle formed by the former. 

We can make use of this property to test whether a point 7? of a space 
curve isa brilliant point with respect to a source 7’; and a recipient 2. At 
P draw a plane normal to the curve and through the point 7, in which this 
plane is pierced by the right line 7, 7, drawa sphere having ?, and 2, as con- 
jugate points. The point /? is or is not a brilliant point according as this 
sphere does or does not pass through it. If the normal plane is parallel to 
the right line 7’, P,, the sphere is replaced by the plane which is perpendicular 
to 7, 2, at the point half way between 7, and P,. If the normal plane con- 
tains both 74) and 2?,, the point 7? is by definition a brilliant point. On this 
principle is based a geometrical construction for finding the brilliant curve of 
a family of parallel curves, whose common plane we shall call the horizontal 
plane, with respect to a source and a recipient which are not in the horizontal 
plane : 

To any curve, atany pot, draw a normals: this line will be normal to 


every curve of the Sumily. Af the pol tn which it cuts the horizontal pro- 


jection of PP, P, draw a vertical line, and through the pot in which this line 


cuts the vight line 2, P, draw a sphere having DP and Py as conjugate points. 
This sphere cuts the horizontal plone in acircle which cuts the normal in tivo 
potuts of the required locus. 

In Fig. 2 this method is used for finding the brilliant curve of a family 
of concentric circles. 


N 
~! 
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From the second definition of a brilliant point (see Condition 3) we 





Fic. 3. 


obtain the following geometrical construction for finding the brilliant points of 


. 4 "> = ; » » 
t right line 7 with respect toa point source P and a point recipi nt Ps. 
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About las an aris revolve P, until it comes into the plane of land P,. 


_ 
DE 
; , ors 


- There will he fro revolved positions. Connect hy right lines P, with each of 
the revolved positionsof P,. These right lines cut the line lin its brilliant 


poms. 
- To find the locus of the brilliant points of a family of right lines, find 
Le the brilliant points of each member of the family separately. 


In Fig. 3 this method is used for finding the brilliant curve of a family 
of radiating right lines, all of which lie in one plane, with respect to a source 
and recipient not in this plane. 




















HarvVarRpD UNIVERSITY, 
r 
CAMBRIDGE, MASSACHUSETTS. 
' 
i ee 
; 
; 
. 
} 
: 
/ 
| 
; 
a} 
Be. ' 
| 
| 
/ 
’ 
i 
4 
eid 
i- 
* 
f i 
be 
4 
} 








PROBLEMS IN INFINITE SERIES AND DEFINITE INTEGRALS: 
WITH A STATEMENT OF CERTAIN SUFFICIENT CONDI- 
TIONS WHICH ARE FUNDAMENTAL IN THE 
THEORY OF DEFINITE INTEGRALS. 


By W. F. Oscoon. 


SIMPLE sufficient conditions that a convergent series of continuous real 
functions of a real variable (or variables ) 


my (0) + Ug (0) + 


may represent a continuous function and may be integrated or differentiated 
term by term are now pretty generally known ;—I refer to the conditions sta- 
ted at the beginning of §1. That equally simple conditions, closely analogous 
to these, exist for the Definite Integral 


“2 


| Sf (w,a) da 


is less generally known and it is believed that a statement of these conditions 
will he welcome to the readers of the Annavs.* Here a shall lie in the in- 
terval (7, 4) and f(, a) shall be a continuous function of the two independent 
real variables x,a for all values of these variables belonging to the domain 

S jasash, 

/ J - . a 

It is assumed that the integral converges for every value of a in the interval 
(a,b): ¢. e. that, a being given any such value and then held fast, the inte- 


| TA ria yd 


* These conditions were obtained by Ch.-J. de la Vallée-Poussin in a noted paper : Etude 
des intégrales A limites infinies pour lesquelles la fonction sous le signe est continue, Annales 
dela Société scie ntifique de Bru relles, vol. 16 (1891/92), p. 150; continued in Journal de mathé- 
matiques, ser. 4, vol. 8 (1892), p. 421. Cf. also C. Jordan, Cours d’analyse, vol. 2, 2d ed., §§64-72 ; 


gral 


QO. Stolz, Diff.- u. Integralrechnung, vol. 3, chap. 16. 

It is to be regretted that the late Professor Brunel in his excellent article on Definite 
Integrals, Encyklopdadie der mathematischen Wissenschaften, vol. 2, p. 135, did not state these 
conditions. He gives but one of them, and that, one of the more elaborate for dealing with 


the special integral of §3 below. 
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will approach a limit when x beeomes infinite. This limit will be a function of 
a; we write itas d(a). By definition, then, 


*2 


d(a) = lim | St ( vrajdy | T( riajdy, 
7] As) 


=z 


The questions which present themselves are : 

(a) When will the function d(a) be continuous ? 

(4) If continuous, when can it be integrated by integrating the integral 
under the sign of integration, 7. e. when will 


| d(a)da - | dav [ f(r,ajde ? 


(c) When can ¢(a) be differentiated by diflerentiating the integral 
under the sign of integration; 7. e. when will 


dy 


dd(a) [ cf (r,a) 
7 


da Ca 


In the great majority of cases that arise in practice the answer to these 
questions is not difficult. It is stated below in §2. 
§1. 
Tue Tests ror aN INFINITE SERIES. 
THeorem A. Tf each terin of the series 
wi(") + Wo (sr) mt 
sa continvous function of the real variable rain the interval a -— of = 4, and if 


the series converges un iformly in this interval, then the function f( r) represented 


hy the series ts continuous in this interval. 
PHe Wererstrasstan .W-Test. The aborveseries will converge uniformly if 
. . . +* Lf a ‘ = 
there exists a convergent series of positive constants, & M,. such that, no matter 
what ralue M of may have mn the interval, oa } 
u,(x)| 3s M,, ’ n= 1, 2, 


PHeorem B. If the above series converges uniformly, it can be integrated 
term hy lerm: 


[reas - | U(ejyda rn | y(cy fe oo, 


9 


where Xo,2,, are any two numbers of the interval (a, hb). 
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Turorem C. Jf each term of the convergent series 
SJ (#) = u (2) + u(x) +- 
has a derivative ul (xr) which is continuous throughout the interval a Szsbd 
and if the series of the derivatives 
u . . 
u(r) + u3(x) T 
converges uniformly throughout this interval, then f( «) has a derivative at 
each point of the interval and the derivative is given by the formula: 
t'(*) = uj (a) + us (a) 4+. 

Kach of the above four conditions is sufficient: no one of them is neces- 
sary. Theorem B is not in general true if @ or 4 is infinite and the integral 
is extended to infinity. 

§2. 
Tue Tests ror A DeFInire INTEGRAL. 
Let f(., a) be acontinuous function of the real variables «, a at all points 


of the region 
aqa=:a: /,, 
y \ 


Kh 
| A 2.8? dw, 
Jg 


The integral 


h being a constant, is a proper integral and it defines a continuous function of 


a, $(a). Thisappears at once if we interpret the integral geometrically as 
the area under the curve in which the surface z = (7, 7) is cut by the plane 
Y= oe 

If, however, the upper limit of integration is intinite, we have to do with 
an improper integral, and it by no means follows, even if this integral : 


7 


| f(e ade 
JU 


converges for all values of a in question, that the function which it represents, 
(a), is continuous. For example, we see by direct computation that the 


integral 


s 


| ae da 
Jv 


° * For an analytic proof cf. Picard, Traité @analyse, vol. 1, p. 29. 
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converges for all values of a 2 0: but the function which it represents, @(2), 


is discontinuous : 


d(a) = 1, a>, 
d(a) (), a-— 0, 
Again, the integral 


| sin Ta ¢ sin Ta dv, 
0 


obtained from the foregoing in a simple manner, converges for all values of a; 
but it is discontinuous for every positive or negative integral value of a, in- 
clusive of zero. 

Under what conditions, then, will the integral 


| fiw va yl, 


assumed convergent, represent a continuous function of a7 The answer to this 
and similar questions is given in the theorems that follow. 

Definition of Uniform Coure rence of ai Lapropes Definite Tategral, 
The integral 


, 


| fiwlajyda, 


where f(“,a) is continuous throughout the region N, is said to converge 


vniforuly throughout the interval ¢ azxhit.a positiy c quantity € being chosen 


at pleasure, there exists a positive quantity G, in lependent of a, such that 
| Se, ajyde €, z> G. 


THrorem A. If f(r, a) is a function of the independent veal variables 


“ea continuous throughout the region S. and if the inteqral 


s 


| Sle ,ajyda 
JY 


CONVEPYES uniformly throughout the interval asa: },, then the function (a) 


represented hy the integral is continuous throughout this interval. 
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THe VALLeEe-Poussin uw (.c)-Tesr. The above inteyral will converye uni- 
formly if there exists a function w(x), independent of a, which satisfies the 


following conditions: 
(a) ple) 20, w2q; 
(4) I(#,a) Su(r), «2q: 


7s 


(c) | u(y de CONVETYES. 
sii 
CoroLvary. These conditions will always he satisfied if there exists a 
constant hk > 1 such that the product 
vk f( x,e) 
remains finite throughout the region NS. 


THeorem B. If the ahove mteqral CONVETYES uniformly, if can he inte- 


grated under the saga of integration: 


| ‘o(a)da =| 


where ag, a,, are any two numbers of the interval (a,b). 


*% 


dia | r( w,a)jda, 


Theorem ©, If the above function has a first partial derivative with re- 
gard loa, f(z. a), at each point of S, continuous throughout NS, and if 


Zz. 


| Eta, a ydur 


Ja 
converges uniformly throughout the interval a Sa Sb; then the function d(a) 
has a derivative at each point of the interval, and 


dd(a) | f(eayde, 


da 
Fach of the above four conditions is sufficient ; no one of them is neces- 
sary. Theorem B is not in general true if a or 4 is intinite and the integral 


with regard to @ is extended to infinity. 


Other Improper Integrals. In the foregoing, improper integrals were con- 
sidered, one of whose limits of integration is infinite, but whose integrand is 
continuous throughout S. Similar theorems hold for integrals taken between 


finite limits, the integrand becoming infinite at one of the limits of integration. 
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Thus, let f(., a) be a continuous function of .7,@ at all points of the region 





as sh, 
R : ) onsite 
(a re<h;: 


but suppose that f(2,@) becomes intinite in the points «= A, @ = a, the in- 


\/ 


tegral now being 


*h 
| T( ria)dw. 
JQ 


Then the definition of uniform convergence will read, mutatis mutandis, pre- 
cisely as before except that G is now taken near to A and « lies between Gand 


}. The tour tests hold as before, with obvious modifications. 


The proofs of the foregoing theorems are similar to the proofs of the 
corresponding theorems of §1 and serve as a useful exercise for the student 
who is familiar with these proofs and is just beginning the study of definite 


integrals from a modern standpoint. 


“a 
~ 


A SPECIAL SERIES AND A SPECIAL INTEGRAL. 
I. The Series. Let each term of the series 
wy() + Wy(") 4 


he continuous for all values of « 2 y and let the series converge uniformly 
throughout any arbitrarily assigned interval g S$ 4 Sh. Then, if f(x) de- 


notes the function represented by the series, f(.7) is continuous and 


| s(yaz = | mye jd rt / ty(ayda 4 


JG 


When can this series be integrated term by term to infinity’ We must, of 
course, first of all require that each term be integrable to infinity : 7. . 


1° | u,(r)dax shall converge, n= i, 2, 


Furthermore let the above series of integrals converge uniformly throughout 
the unlimited interval 2 2 qv: 7. e. 


2° A positive quantity € being chosen arbitrarily small, it shall then be 
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possible to find a positive integer independent of .« such that for all values 


of «2 q. 


[ Una (ryder 5 dE a | Um +p( ude < €, p= - 2 
q Ja 


Then it is easy to show that the series can be integrated to infinity term by 


term; or, more fully, 
(a) that the series of limits 


“Zs 


| u,(r)dx +| U(rj)dr +... 
J9 


Sd 


converges ; 
Pa 
(B) that the integral | ST ( r) dr converges ; 
J9 


(y) that 


Zz a 


| S(r)dyr =| u(v)jdxr +/ u(vydae + 
J/g Ja Sd 


Il. The Integral. A closely analogous sufficient condition holds for the 


reversal of the order of integration in the integral 
| da | T(r,a)dyx, 
Ja Jd 
where f(r, a) is a continuous function at all points (2, @) of the region 


S : asa, qzwr. 


l° The integrals 


| f(a, a)jdy, | (+, a)da 
Sd Ja 


shall respectively converge uniformly throughout every FIXED interval ; 


asash, garsh; 


2° The integral 


“= 


[| f( r,a)dax 
Ja J@q 


f. 
{ 


a 


' 
' 
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shall converge uniformly throughout the UNLIMITED intervala Zua;t.e.a posi- 
tive quantity € being chosen arbitrarily small, it shall then be possible to find a 
positive quantity (7. independent of a, such that for all values ofa & a 


| 1a | T( via)jdy : €. v 4 G. 
Ja JSG 


When these conditions are fulfilled 


| dla / A Zz, @ yl | a | A “a pda, 
Ja JY Ja Ja 


It sometimes happens that one of the integrals of Condition 1°,— the first, 
let us say,—does not converge uniformly in the interval (a, 4), but that it 
converges uniformly inevery interval lving inside of the regiona 2 a, namely, 
aca’ S454, where a’, 4 are arbitrary. 

In ais case, if the remainder of Condition 1° and Condition 2° are satisfied, 
the reversal of the order of integration is still allowable. 

A more elaborate test for a case of importance in practice is also given by 
Vallée-Poussin and is stated in the Eneyklopidie, 1. ¢. 


$4. 
PropLeMs IN INFINITE SER ip Pr 7 
fmOBLEMS I } , SERIES AND RODUCTs, 
A.— CONVERGENCE. 


1. Is the infinite series : 


i\* 1.32 Ee ee 
(3) aw (5 me 
convergent or divergent ? 


2. Obtain by means of Cauchy's integral test for the convergence of an 


infinite series of positive terms (ef. Pieard, Traité danalyse, vol. 1, p. 27) 
an upper limit for the value of the remainder of the series 


l | l 
a oe re p>t. 


Henee compute the value of this series when p = 1 correct to two places 


of decimals. How many terms of this series would it be necessary to sum in 


order to obtain the same degree of approximation 7 
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3. For what values of « does the series 


& Paw 
naz} yn + n" 


converge ¢ Discuss all cases. 


4. Determine all values of « for which the series 
2 .2\2 .2.3\2 
()'«— Gel) + Gay 
3 ee : ie we 


5. Is the series 


converges. 


.e) 
nai log(1 +n) -log(1 + nr") 


convergent or divergent ? 


6. Show that if 
ad 


» 
o + aw + CT + 


represents a power series convergent for values of « other than 2 = 0, the 
series 


lg + 1,2 + 


will converge for all values of wr. 


For what values of x will the series 


~ | 
> ~ aja 
@=1 2° 


converge 7 


B.— SERIES OF FUNCTIONS. 
7. Let the series 
Uy (0) + My (0) + 
be a series of functions each continuous in the interval a S 2S band let it 


converge uniformly in this interval. 


/ u, (0) + / ty (e)da + 


a 


this series ° 


is a uniformly convergent series throughout this interval. 


Show that the term-by-term integral of 
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8. Let s,(m) bea single valued function of the two positive integers 
m, n, which satisties the following conditions : 


(a) lim s,(m) exists: denote it by f(m) : 


a=. 
(6) lim s, (mm) exists: denote it by S,,; 
au= 
(c) 8, (m) converges uniformly when n= x 
S,(™m) —8&,-(™m) | < €, n>v,n'> vy. 
Then 
(1) lim t(m) exists; denote it by As 
a= =x 
(2) lim NS, exists; denote it by B; 
rt=2z 


(3) A=B. 


4. Apply the theorem of Problem & to prove that 


as ° n 2 * j 
lim 14 x\" or . J 
- — —_ 2 _— ‘+r 3 : + . 
n=e n 2 3° 


10. From the formula 





m(m—1) : eal 
cos mr = cos*®7 — a eX cos® —* sin?'a + 
deduce the development 
7 yA 
cosr = 1 — "saa 


and justify each step of vour work. 


11. The series 


converges when x>1. Does the series represent a continuous function ? Can 
it be differentiated term by term’ Denoting the function represented by the 
series by f(x), discuss rigorously the shape of the curve y = f(z). 


1 Bs Let 


Apt Aat+t-s- 


be an absolutely convergent series of constant terms, and let 


So(z), A(2),-- 
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be a set of functions each continuous within the interval @ Ss 2 < 8 and each 
comprised between certain fixed limits 

As f(r) = B, fo 
where A, B are constants. Show that the series 
Agfo(4) + a fi(r) +: 
represents a continuous function of « within this interval: a S x S £. 

13. Let 8,(2) be a continuous function of z in the interval a = «Shand 
let x, (2) converge, for every rational value of « pertaining to this interval, 
toward a limit when x” increases indefinitely. Furthermore, let 

&, (0) — 8, (2) <M\2z2—z ‘ 
where .V is a fixed positive quantity and .r, 2’ are any two points of the inter- 
val. Prove that s,(2) converges uniformly toward a limit for all values of z 
in the interval. 


14. If le + Gy +.°* * 


and by + I + 


are any two absolutely convergent series, show that the value of the series 


oho + ah, -— « «<6 
ix given by the integral : 
i l “a ; ; 
> | Tye") ty(e™) 8. 
where 
Alzy= Sax, f(x) = Dbz. 


15. If the terms of the series 
Wy) (.0) + My() + 
are all uniformly continuous throughout the interval a < « < 6 and if the series 
converges uniformly throughout this interval, show that the function 7(2) 
represented by the series approaches a limit when .c approaches a. 
16. Given that the series 
m)(4) eg Uy (0) i 


converges uniformly throughout the interval a << / and that it converges 


<= 


when « = «. Can we infer that it converges uniformly when @ 3 x < h? 





} 
| 
i 














et a an 
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17. Ifthe terms of the series 
Uy (2) + Ug (rt) +-°> 
are all continuous throughout the interval a S x S 4 and if the series converges 
uniformly throughout the interval a <. = 4, will it necessarily converge when 
x =a, and, if it does converge, will the function that it represents necessarily 
be continuous at the point + = «* 
18. If the terms of the series 
U, (2) + Ua() + 
are all continuous throughout the interval a S « S + and if the series converges 
uniformly throughout every interval a =. 38 lying inside of the interval 
(a,6): a<a<B</h, will the series necessarily converge when x = a, and, 
if it does converge, will the function that it represents necessarily be contin- 
uous at the point « = a? 


19. Show that the series 


a 
a Oe I P(g), 
\ 1 _ 2rp _— r? 0 


{—lSypwsl 
'—IJerc<l, 
can be differentiated term by term both as regards r and as regards p. 

Suggestion: Prove the theorem first for the value of » in question and 
for a value of r numerically small; and then show that the theorem still holds 
when 7 has the value in question. 


20. (riven the formula 


Ee a | es ot x 
mee Pn $1) 2 Qn $2) ~ VA QAnF QV Qn4 4) 7S 


show that 
CS, (2) Cd, (x) 
Cnér  ercn 
21. Show that if the series 


7 . » . » ° 

J = $o(2, 7, 2) + Hi(F, yo Z) + bel, Yo Z)P Hee, 
where $,(x, y, z) denotes a homogeneous polynomial in (x, y, z) of degree 
n, represents a function satisfying Laplace’s equation : 
21” 2" 


~+ — +4 =) 


a 6 Oy*® G2? 


™~ 
a) 
©. 
a 

‘ 
LB ) 





i= 8) 


then each function $,(., 7, 2) must also satisfy Laplace’s equation. 
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Suggestion: Assume that such a function J" can be developed into a 


triple power series in zy, Y, Zz for values of the arguments numerically sufficiently 
restricted, the development holding for all values of the arguments in the neigh- 4 
borhood of the point (0,0, 0). 
22. Show that if ; 
Uo (©) + u(r) + | 


is a series of functions each continuous and having no roots in the interval 





asvrsh, and if 
Un+i (“) < 
hens Sy<l, 2 
| u, (x) 7 < “w= Wt, 
where y, m, do not depend on x, then the given series is uniforinly convergent | 
within the interval. 
Apply this test to the following series : 
x(x — ] xr(7—1)(x2—2) , 
14 meg 2F—D, 2- 1-2) 
3 3! 
where Q<-a-<l. 


23. Find all the values of x for which the series 
e* sina + e* sin2z + &sin3a 4+... 


converges. Does it converge uniformly for these values ? 
For what values of x can the series be differentiated term by term ’ 


24. For what values of x is the series 
l+rt re. 


absolutely convergent? Is it uniformly convergent throughout the same in- 
terval ? 


25. Does the series 


xy gf x gt gt gh zs i 
r+ >—-—-+s-+—- 5 + —-— + 
3 2 5 7 4 9 1] 6 


converge uniformly in the interval 0 S 7 S 1? 
26. Show that the series 
(l+r)* (2427)? (342)? 


can be integrated term by term between any two positive finite limits. 


r, 





a 
_— 
S. 
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Can the series be integrated term by term between the limits 0 and x ? 
Can the function detined by the series be integrated between these limits ? 


27. Show that the series 


es 2 
Dxve- wa > ( f n —_—_——. ¢ n+1)? 
oan’ n- (n+ 1)" 


can be integrated term by term between any two finite limits. 

Can the function detined by the series be integrated between the limits 
Oand x ? If so, is the value of this integral given by integrating the series 
term by term between these limits ? 

2x. If each term of the series 

uy (4) + Wo () 4 
is a continuous function of « for all values of « 2 «, and if the series 


wFuy (a) ak rug as Se ae kh l, 


satisties the W-test (§ 1), then the given series may be integrated term by 


term from ato x. 
24, Show that the series 
we = 
»! 


can be integrated term by term from 0 to x, given that(# — 1)! = n"™~tec" Ay, 
when |e lies between two positive constant quantities. 


30. Can the function defined by the series 


l ] 
(+z +t 24s) 


be integrated from 0 to «x , and if so, is its value given by the term-by-term 
integral of the series ? 


(',— DounLe SEniEs. 
31. Show that the function 


log (1 . 3 


can be developed into a power series in #7. State carefully each theorem that 
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you employ.* Determine the coefficients of the first four terms in the devel- 
opment. 


$2. Develop the function 


I(x) = | sin! (rsing)d@ 
/0 
intoa power series inv. Justifv each step. Assume the formula 


poh «6. ... sf = By 


sin"d d = 
| $ $ BG eee 
where n is odd, 


oo. Develop V cos into a series proceeding according to ascending in- 
tegral powers of 7, stating accurately the theorems of which you make use. 
For how large a region will the series surely converge and represent the 
function 7 

Further problems in infinite series will be found in the exercises at the 
end of chs. 17 and 18 of Gibson's Elementary Treatise on the Calculus. 


1). Ineinire Propucts. 
34. Discuss the infinite product 
(1 — sinx) (1 + sind.) (1 — sing.) 


with reference to absolute and to uniform convergence.* Study the function 
defined by this product and plot the corresponding curve. 


* The final theorem here needed is to be found in Stolz, Allgemeine Arithmetik, vol. 1, ch. 
10, §25. A special case of the theorem sufficiently general for the great majority of the cases 
that arise in practice (in particular, for the present case) is stated in my Jnfinite Series, $36. 

Numerous examples of developments that can be obtained by this theorem are given in 
the text-books on Calculus; cf., for example, Byerly, Problems in Differential Calculus, pp. 46- 
48. The analysis at the disposal of the student at that stage of his work is inadequate for 
complete demonstrations, and these are properly deferred for an advanced course in analysis. 

+ An infinite product ff... . is said to converge when and only when (a) the factors 
from a definite one, fm, on are all different from zero; (b) the product [4 14m +2- ++ tmp 
approaches a limit different from zero. 

An infinite product f\(7) fe(r) . . . 1s said to converge uniformly throughout the interval 


a x S&S Dif, a positive quantity « being chosen at pleasure, there exists a positive integer m™ 
independent of x and such that 


| Foe (7) Sm (2) - +++ Smop(2) —11 <6 }) 


These definitions can, of course, be replaced by more general ones. But the products that 
would thus be admitted it is not useful to consider in practice. 
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35. Show that the infinite product 





cosx-cosdr-cosge - 





converges for all values of x and discuss the function that it defines. 





36. Discuss the intinite product 


ODO DO-DOD, 


with regard to absolute and to uniform convergence. Plot the function de- 





tined by the product as a curve. Find its slope when x = 0 and when x = 1. 






37. Show that the above products can be developed into power series 


in «and determine the coefficients of the terms of degree 0, 1, 2. 


















$5. 
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38. Show that the integral 


J1 


converges and defines a continuous function for all values of a. 


34. Show that the integral 


2 
| w*—le-+dyr 
Jt 


converges and defines a continuous function for all positive values of a. 

(rive the proof first by introducing as a new variable of integration 
y = «—': then by applying the theorems of §2 directly, modified for a finite 
domain of integration. 


40. Show that the funetion 


(a) =| at—le-tdy 
/0 


is continuous for all positive values of @ and that 


I''(a) < | gems logwe dar 


ae 
C'"'(a) ia | #@—! (logs )2e— Cda 


J0 
ete. 
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Plot the curve y = ['(@), showing that it has a minimum between a — | 
2, and that it is always convex toward the a-axis. 


Z 
| aie arid y 
/0 


converges for all values of a and represents the function ¢(@) = @. Can the 
integral be differentiated under the sign of integration ? 


and a = 


41. The integral 


42. Given the formula 


°*? 


/ e~“dxe=4 V7, 


/0 


ety — 4 
| \ 
/ re-ttdar — + \ tl etc. 
/0 


a- 


deduce the formulas 


a| 3 


43. Show that 


/ we “costa. dar — sV re agit 
“ 
Suggestion: Denote the value of the function by uv and show that 


d uf 


Ta + 2au = 4), U\eag = 9 7- 


44. Show that 


| e+ dx = gre. 


Is it allowable here to differentiate under the sign of integration for all 


values of a’ If not, and if you bave used the method suggested in Problem 


13, have you been careful to make your solution rigorous ? 


15. Show 1) that the integral 


sz 
cosa 
| a. da 
Jo ] +> 


detines a continuous function, /(a), for all values of a: 2) that 


@(a) = | ST(ajda 
0 





i 
' 
i 
i 








aad a 








Sey eee ee. 
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is given by integration under the integral sign with respect to a; 3) that /"(a) 
is given in general by differentiating under the integral sign with respect to a ; 
4) that (a) satisties the differential equation : 


(2 ~~ 
“¢ = ¢-— when a > 0. 
da*® 2? 


Hence determine the function f(a) defined by the integral. 


46. Discuss the function defined by the integral : 


“7s 


—ai 3 » 
| e~Fsing dr. 
Fu 


17. Discuss the function 





d(a) = | tantd dd, 


plotting the graph and determining the essential characteristics. 
4%. Show that the functions 


x 


T(a) =| e—- Peos (aa yd, 
Al} 


7 


¢(a) = | e—~? sin (as*)y da, 


satisfy the linear differential equations ; 


I'(a) = a1 ; a) aria) . $a) |, 


’ l . 
@ (a) = 5 f(a) —ad(a) }- 
2(1 a-) |" 
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NOTE ON THE PRODUCT OF LINEAR SUBSTITUTIONS.* 
By H. B. NEWSON. 


Ir two linear substitutions in « variables be compounded, the product is 
also a linear substitution in variables. The following method of expressing 
the result in determinant form is believed to be new. The proof’ is given for 
two substitutions in three variables, but the method and result are capable of 
immediate generalization for n variables. 

Let T’and 7) be two substitutions as follows : 


pry = Ur Ft yy t yA, Pits = 4, + Bey t+ N21, 
T: py = Ot + hay + (2, Ty: Pitts = 427) + Boh + RA, 
p=; =e Is + hyy + yl, Pi 2 — as!) + Bs; - 371- 


The substitution 7, is obtained by eliminating .), 4). 2; from the above equa- 
tions. This may be done as follows: Find the inverse of 7’ by solving the 


three equations of T' for x,y,z, Thus we get 


A 
F r= Ayr, re Ayy, ahi «Az, 
a A 
' 4 By + Bey, + Bx, 
p 
A 
Pp . Oy + Can + C21 


where A is the determinant of J’ and A, 2, ete. have the usual meanings. 
The three equations of 7'—! and the first one of 7) form asystem of four 


simultaneous linear equations ; hence 


i he il 
oy B, BB, OB, a 
a4 a6 
—pPry a By 





* Read before the Chicago Section of the American Mathematical Society at the Evanston 
neeting, 2/3 January, 1902. 
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This equation expresses the relation between x, y, z and 4. 


equation for 2, we get 


ppyArt, = 


NEWS 


r A, a 





N. 


Solving the last 


y 2B, By, Bs 


z Cl 


a, [=e b 


In like manner we get similar results for vy, and z,; thus 





z A, 
y Bb 
z CU 
QO a, 


A, 
B, 
( 2 
By 


Ay 
B, 
( 5 

v2 


M A, Ag Ag 
y B, By Bs 


pp, Az, = ~ o, c. O, 
() as Bs Ys 


When these three determinants are expanded, A divides out of both sides of 


the equation. 
The general formula for » variables is 


pp, A*—? x" = 


Ly A, As ° 


rs B, Bb, ° 


n 


0 a; B; 


Ad 


The value of xi in 
substitutions, ts proportional to the determinant formed by bordering the deter- 
minant of T—', the inverse of _ vertically hy the variables of T and horizon- 


tally by the coefficients of the ith equation in T,. 


UNIVERSITY OF KANSAS. 


LAWRENCE, KANSas. 


x, N, Np. 


the product of T and 7,, two linear 
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